We parametrize TOTEM data for the elastic differential pp cross section at √ s = 7 TeV in terms of two exponentials with a relative phase. We employ two previously derived sum rules for pp elastic scattering amplitude in impact parameter space to check whether asymptotia has been reached at the LHC. A detailed study of the TOTEM data for the elastic differential cross section at √ s = 7 TeV is made and it is shown that, within errors, the asymptotic sum rules are satisfied at LHC. We propose to use this parametrization to study forthcoming higher energy data.
Introduction
The TOTEM experiment has measured the total pp cross section at √ s = 7 TeV [1] and the value may be consistent [2] with saturation of the Froissart-Martin bound [3, 4] , i.e. σ total ln 2 s. It is also consistent with a range of total cross section predictions, based on a mini-jet QCD model with infrared gluons [5, 6] , as well other deductions based on a hard Pomeron component [7] . The saturation of the Froissart bound, if confirmed, could exclude, at least at present energies [8] , a different behaviour obtained from hidden extra dimensions [9, 10] . Indeed, according to Ref. [11] , the TOTEM result indicates that we have now reached asymptotia as far as the total cross section is considered and thus existence of hidden extra dimensions can be excluded. On the other hand, contradictions in the analysis of Ultra High Energy Cosmic Rays composition [12] might hint to the existence of new physics that modifies baryonic interactions at center-of-mass (CM) energies in the 50 ÷ 100 TeV range. Thus the problem of the energy dependence of the total cross section is not yet beyond all dispute.
Another interesting feature has arisen in connection with TOTEM published results for the differential and the total elastic cross section [13] . These data show that the dip, which had characterized data at ISR in pp scattering, and which has been only a faint presence inpp at the TeVatron, has reappeared. We propose to use these data to check whether asymptotia has been reached, through two asymptotic sum rules (ASR) for the elastic amplitude in impact parameter space [14] . To check the satisfaction of these ASR, we shall use the model independent parametrization of the scattering amplitude [15] proposed in 1973 by Barger and Phillips.
We shall see that this model, with two exponentials and a phase, describes well both the diffraction peak, as well as the t-dependence after the dip at LHC with CM energy of 7 TeV (LHC7). We also analyze ISR data for pp scattering at √ s = 53 GeV, and, by comparison, find that the ASR are not satisfied at ISR, while being almost exactly satisfied at LHC7. We discuss the approach to asymptotia of the ratio σ elastic /σ total and of the forward slope and suggest to use this simple model to fit future forward scattering LHC data.
Asymptotic sum rules for the elastic scattering amplitude
Let the elastic amplitude F (s, t) be normalized so that
At high energy, all particle masses can be ignored and the elastic differential cross section reads
Writing the elastic amplitude as
inversion of Eq. (3) reads
and one can study properties of the amplitude in impact parameter space from the known behaviour in the angular momentum discrete variable. The Froissart bound implies that there must exist a finite angular momentum value, below which all partial waves are absorbed.
Under the stronger hypothesis of total absorption as b → 0 in the ultra high energy limit, namely all "low-b" waves are completely absorbed, we have the two ASR
Satisfaction of these rules is a good measure of whether the asymptotic limit has been reached, and would reinforce the statement [2] based on the TOTEM data for total cross section, that we may have reached asymptotia, namely that σ total ∼ ln 2 s, and saturation of the Froissart bound has been observed. Notice that the Froissart-Martin bound is obtained under a hypothesis weaker than total absorption [4] and it would lead to SR 1 → 2; SR 0 → 0. As we shall see, phenomenologically Eq. (5), is favoured.
In order to check these ASR, one requires a model for the scattering amplitude. While the imaginary part of the elastic amplitude is solidly anchored to the optical theorem, the real part is more model dependent. A limiting behaviour for the real part of the forward amplitude has been obtained by Khuri and Kinoshita [16] , i.e., for s → ∞
if the Froissart bound is saturated. As discussed later, the model of Ref. [17] gives ρ(s, 0) = π/[2p ln(s/s 0 )] with p = 1 for a total cross section asymptotically growing as ∼ ln s, and p = 1/2, when the Froissart bound is saturated. For values of q 2 = −t = 0, there is a result by André Martin [18, 19] , which relates the real part of the amplitude to its imaginary part. Given an mF (s, t), Martin's method gives an asymptotic expression for eF (s, t), i.e.
We note here that the above equation is valid also if the Froissart bound is not saturated, but σ total ∼ ln 1/p (s), where 1/2 ≤ p ≤ 1. The elastic amplitude still scales with the variable τ = t σ total , the only difference is ρ = π/[2p ln(s/s 0 )], with s 0 = 1 GeV 2 . To complete the expression for the real part, one needs to estimate ρ(s, 0) for all cases including the case when the Froissart bound is not saturated. The phase of the leading (first term) contribution at t = 0 is readily obtained from the s-dependence of the total cross section, or equivalently mF (s, 0), using the prescription s → se −iπ/2 , which assures analyticity and crossing symmetry of the scattering amplitude [18, 20] . At high energies and very small t values, s ↔ u crossing symmetry tells us that the leading C = + amplitude is a function of the complex variable se −iπ/2 . The Froissart bound requires mF (s, 0) ln 2 s, and we can generally write, asymptotically
with 1/2 ≤ p ≤ 1 to include both the case of saturation of the Froissart bound and a slower rise, compatible with ln s behaviour. For large s, this may be approximated to
The above equation gives an estimate for the leading contribution to the parameter ρ(s, 0), namely
where the approximate sign refers to the fact that the real part of the amplitude can receive also (non-leading) contributions from other terms. The Khuri-Kinoshita result, valid when the Froissart bound is saturated, is obtained for p = 1/2. To obtain a numerical value for p, we use a model [6] built on QCD mini-jets embedded into the eikonal representation. According to this model, QCD mini-jets drive the rise of the cross section, and k tresummation of ultra-soft gluons transforms the power-law rise of the mini-jet cross sections into an asymptotic logarithmic behaviour. In our model [17] 
where the parameter 1/2 < p < 1 can be related to a dressed one-gluon exchange potential rising as r 2p−1 , and our phenomenology of total cross section data [5] leads to values p = 0.66 ÷ 0.77.
It should be noted that the asymptotic expression for the real part of the scattering amplitude automatically satisfies the second ASR. However, this does not help in checking whether asymptotia has been reached, since the expression for the real part is based on an asymptotic scaling law, which may not be valid.
Another measure for asymptotia, also examined in Ref. [2] , can be obtained from the ratio of the elastic to the total cross section. Based on the black and grey disk model, where σ total = 2πAR 2 (s) and σ elastic = πA 2 R 2 (s), the black disk limit, A = 1, gives, for the ratio, the limiting value 1/2. However, we have recently shown [6] that the eikonal formulation at high energy underestimates the total inelastic cross section, including in it only uncorrelated (non-diffractive) collisions, whereas the diffractive collisions appear to be part of the eikonal elastic cross section. In fact, it is known that, at high energies, the "elastic" cross section, as defined in eikonal models, is typically overestimated [21] . Thus we propose the following asymptotic limit
where σ diffractive includes both single and double diffractive components. We show in Fig. 1 a compilation of data [22] for the ratio σ elastic /σ total and compare it with the black disk limit and results of Ref. [2] . In the figure we have added to the accelerator data a value extracted from the recent measurement by the Auger Collaboration for the inelastic cross section [23] . We estimated the ratio R el at 57 TeV, by using Block and Halzen (BH) [2] value for the total cross section at σ BH total (57 TeV) = (134.8 ± 1.5) mb, which is based on the analytic amplitude method of Ref. [24] . We then obtained σ elastic (57 TeV) = σ BH total − σ Auger inelastic = (44.8 ± 11.6) mb. We also show the asymptotic result (green dot) from Ref. [2] , which appears in line with the ratio σ elastic /σ total extrapolated from the Auger point for the inelastic cross section. The conclusion in Ref. [2] that we are still not in asymptotia for what concerns this ratio, may however be too pessimistic. Firstly, from the figure, it is quite conceivable that data may approach a limiting value of 1/3. This would be better in keeping with Eq. (13). Also, estimates for the inelastic cross section are affected by large uncertainties, and often model dependent on extrapolations. Indeed, in order to reconcile cosmic ray composition data, an extrapolation from p-air to pp could use higher total cross section values [12] . Given the uncertainties in different simulations at ultra high energies, the estimate for R el at 57 TeV could then be lowered (closer to the TOTEM value), thereby opening the possibility that an asymptotic plateau for σ elastic /σ total may have already been reached. In fact R el has been rising from lower energies until the value ∼ 1/4 at the TeVatron, and at LHC7. Data at 8 TeV could indicate whether we have reached a plateau or not.
The two exponential model at LHC energies
In order to perform a test of the ASR in a model independent way, we have analyzed the data for the differential elastic cross section through a parametrization of the scattering amplitude, proposed by Barger and Phillips (BP) in 1973 [15] .
In 1973, BP proposed two different parametrizations, consisting in using a phase and two exponentials to describe the elastic scattering amplitude as a function of momentum transfer in the range −t = 0.15 ÷ 5.0 GeV 2 . The first parametrization was given as
with five s-dependent real parameters, A, B, C, D, φ. The total cross section in this model is given as 
while the second exponential term appeared to be constant in this energy range. With this parametrization, the phase φ was fitted to be always larger than π/2, so that the interference term was always negative. The second parametrization interpreted the energy dependence of the parameters in terms of Regge-Pomeron exchange and fits to data were as good as in the first case, but more model dependent. However, Eq. (17) for the forward slope B poses now a problem, as recently discussed in Ref. [25] , since TOTEM data can be described by Eq. (17) only if α is not a constant, but has a logarithmic energy dependence. On the other hand, by relinquishing any model interpretation, one can use the model of Eq. (14) as it appears to be the simplest possible way to describe the t-dependence of pp elastic scattering amplitude from ISR onwards.
The simplicity of the model in Eq. (14) suggests to use it to describe present LHC data. Reading the TOTEM data from Ref. [13] , we show the result in the left panel of Fig. 2 . We find that two exponentials and a phase can give a very good description of TOTEM data, with the tail well described by a term e Dt , with B/D ∼ 4 and a relative weight of the two terms at LHC7 A/C ∼ 22. With this parametrization, the position of the dip (which the model fit gives at −t = 0.52 GeV 2 ) and the behaviour around the dip are both well reproduced. This result differs from the proposal in Ref. [7] and also from the suggestion by TOTEM [13] that the tail, past the dip at −t = (0.53 ± 0.01 stat ± 0.01 syst ) GeV 2 , is described as being compatible with a behaviour of the type |t| −n with n = 7.8 ± 0.3 stat ± 0.1 syst . The TOTEM suggested behaviour is close to a description of the tail through a QCD type contribution from three gluon exchange advanced in Ref. [26] . It is also close to the observation in Ref. [15] , that the "second exponential" can be identified with a term proportional to p
−14
T , valid, according to the authors, for all available pp data for s > 15 GeV 2 . Following these suggestions, and mindful of the fact that the form factor dependence of the amplitude would contribute to the cross section with a term as (−t) −8 , we have tried a slight modification of the BP model, which consists in substituting the second term in Eq. (14) with a term proportional to the 2 nd power of the proton form factor, namely to write
With t 0 a free parameter, this allows a comparison with the parametrization of the tail in Ref. [13] , but the fit worsens, and the tail is everywhere better described by an exponential. We show this fit in the right hand panel of Fig. 2 . From here on, we shall use the two exponential model and proceed At left the fit uses the two exponential model from Ref. [15] , at right a form factor term is used to describe the tail, according to Eq. (18) . Parameter values in the two cases are indicated. TOTEM data were read from Ref. [13] .
to check the ASR. Since the phase φ = π, for the satisfaction of both ASR the model of Eq. (14) needs to be modified so as to include a real part in the leading amplitude i A(s), i.e. the leading term (at t ≈ 0) should acquire an extra phase. Rewriting the amplitude of Eq. (14) as
one has
We use the result for the leading contribution to ρ(s, t = 0) to give a real part to the first term, i.e.
ρ(s, t = 0) =Â
With this, we now find
for p = 0.77 and 0.66 respectively, and
with A =Â 2 R +Â 2 I , and inserting the parameter values from the figure, with π/2 < φ < π. One observes a good satisfaction of both ASR. Notice however, that, in general, the conjecture for ρ(s, 0) proposed in Eq. (11) cannot be valid at lower energies, because the approximation for the amplitude in Eq. (9) is only valid at asymptotic energies. Thus, for uniformity with the ISR case, curves in Fig. 2 have been done withÂ R = 0. Applying the above model to the ISR data for pp scattering at √ s = 53 GeV [27] , we obtain the fit shown in the left panel of Fig. 3 . We notice that the application of the ASR to pp scattering at these lower energies, gives SR 1 ≈ 0.7 for the parameter values obtained by the fit. As expected, the ASR for the imaginary part of the amplitude in b-space is not yet satisfied at ISR. As for the second ASR at ISR, the expression for the real part of the amplitude as, discussed in Sec. 2, cannot be applied here, because at ISR we are far from an asymptotic regime. Before leaving this discussion, we point out that the value obtained for the total cross section in this model is below the experimental value. This is particularly true for ISR energies, where the fit gives σ total = (35.6±1.7) mb to be compared with values with very small errors, such as (42.71±0.35) mb [28] . At LHC7 the total cross section is better reproduced by the fit, with a value of (91 ± 5) mb, although still a bit low. From Figs. 2 and 3 , we conclude that this model is approximately valid at lower energies, better apt to describe data at LHC7 and onwards.
The slope parameter in the two exponential model
TOTEM released values for σ total , σ elastic , the slope B exp and the position of the dip. The total cross section is reproduced by the five-parameter fit (σ total is let unconstrained) of the two exponential model within 10%, and we have a good determination of the position of the dip, which, in our fit, occurs at −t dip = 0. 
one obtains a function changing with t, i.e.
Using the parameter values from the left hand panel of Fig. 2 , we show in the right-hand panel of Fig. 3 the t-dependence of the slope B eff at LHC7, compared with the values given by the TOTEM experiment in the two different t intervals, whose extension is indicated by the horizontal bars. At t = 0, one finds
(five-parameter fit) . (27) Notice that the figure is obtained by neglecting the contribution fromÂ R . Clearly this approximation is not valid where the real or the imaginary part of the amplitude approaches zero. It is possible to identify the two t-values where this will happen before the dip, namely where the real part of the amplitude is zero, and a subsequent one, close or very close to the dip, where the imaginary part is zero. At LHC7, these two points occur at
where the uncertainty in t R depends on the value forρ and we have neglected ρ 2 in Eq. (29) and, again, we have used the parameter values indicated in the left hand panel of Fig. 2 .
An asymptotic value for the slope B eff (s, t), can be obtained through the ASR, already well satisfied at LHC7. Thus, in the exact limits SR 0 = 0, SR 1 = 1, for asymptotic energies at LHC and beyond, one obtains for the effective slopes
We find, in agreement with TOTEM, that past t R , where the real part of the amplitude is zero, the slope is ∼ 20 GeV −2 , and that it increases to higher values, to then start decreasing as it approaches t I where the imaginary part goes to zero in correspondence with the occurrence of the dip.
We note that the ASR imply that the slope B eff (s, t R ) from the two exponential model should grow as σ total , thus as ln 2 s, if the Froissart bound is saturated, or as ln 1/p s for a slower rise. We see that the same behaviour is also true asymptotically for the (constant in t) leading parameter B of the two exponential model, for which we also have the well known result
recently also discussed in Ref. [29] on general grounds. We conclude that, if the two exponential model is a good representation of the amplitude at LHC in the range 0 ≤ −t ≤ 3 GeV 2 , and if the total cross section rises faster than ln s, the slope of the leading term in this model should grow faster than ln(s/s 0 ). Notice that in Ref. [25] , an analysis of the effective slope from NA8 to TOTEM seems to indicate a rise according to ln 2 s. Thus, just as in the case of the total cross section, the question of the energy dependence of the effective slope is still very much open.
In conclusion, we stress the following points concerning the slope parameter:
1. One can not speak about a unique slope if there is more than one term with different t dependence in the elastic amplitude, as required by the presence of a dip, in the differential cross section.
2. Even in the region before the dip, the necessity of at least two terms, whose interference gives rise to the dip, is felt and TOTEM itself provides two different values for the slope in two different regions of t.
Hence it is not meaningful to consider only a single slope and its asymptotic behavior. In a two component model such as the one considered above, all one can discuss is the relative growth of the two slopes with energy. 3. Even in the rather simple model analyzed here, we find that the slope near t = 0 is less than that around t = −0.2 GeV 2 , which is less than that around t = −0.4 GeV 2 and hence the question of the growth with energy becomes a strong function of the t range under consideration.
The curve in the right hand panel of Fig. 3 shows that at LHC this model predicts an increase of the slope parameter in the range 0 < −t 0.4 GeV 2 . This is in contrast with the behaviour observed at lower energies, notably at ISR for very small t−values [30, 31] . Notice however that our findings at LHC are in agreement with those expected in Ref. [32] at asymptotic energies.
Conclusion
We have utilized two asymptotic sum rules derived earlier for the elastic scattering amplitude in pp scattering [14] and have tested them using a well known parametrization of the elastic differential cross section with two exponentials with a relative phase. Our study of TOTEM data at LHC7 finds that this model can describe well the data before and past the observed dip. Similar conclusions about the behaviour past the dip, have also been advanced in Ref. [33] .
A possible interpretation of this model is that the exponential behaviour exhibited both before and after the dip corresponds to a resummation of soft terms accompanying the leading C = +1, two gluon exchange, and C = −1, three gluon exchange term, with non leading terms giving rise to φ = π.
Given the general nature of the parametrization discussed here, we recommend its usage for further studies of the behaviour of the scattering amplitude at higher energies.
